In this paper, in the class of p-groups of order p 4 , we obtain the non-abelian exterior square, the exterior center, the non-abelian tensor square, the tensor center and the third homotopy group of suspension of an Eilenberg-MacLane space k(G, 1) of such groups.
Introduction and Motivation
The concept of non-abelian tensor square which was introduced by Brown and Loday [5] , is an applied topic in the K-theory and the homotopy theory. Since then several papers published in this subject and the reader can find more information in [3, 5, 6, 10] . Following the terminology in [5] , let G and H be two groups act on each other compatibly and on themselves by conjugation, then the non-abelian tensor product of G and H, is the group generated by the symbols g ⊗ h with defining relations
for all g, g 1 , h, h 1 ∈ G. The tensor square of G is the special case of the non-abelian tensor product of two groups G and H when G = H. −1 ) = γ(a).
(
ii) γ(abc)γ(a)γ(b)γ(c) = γ(ab)γ(bc)γ(ca).
for all a, b, c ∈ A. Γ is called the Whitehead's universal quadratic functor. From [6] , we have Theorem 1.1. Let G and H be abelian groups. Then
The following diagram shows relation between the non-abelian tensor square, the non-abelian exterior square, the third integral homology group of G and the Whitehead functor Γ, [13] .
It has exact rows and central extensions as columns (see [6] for details) 
Lemma 1.4 ([7, Proposition 16]). Let
We intend to obtain the structure of 
The next theorem gives some information on the nilpotency class, the center and the derived subgroup of groups of order p 4 . Let cl(G) denote the nilpotency class of a group G, then 
The next theorem states the structure of tensor square of groups with respect to the direct product of two groups.
Theorem 2.2 ([6, Proposition 11]). Let G and H be groups. Then
Blyth et al. [3] give us the structure of non-abelian tensor square of a group G when G ab is finitely generated as follows.
Theorem 2.3 ([3, Corollary 1.4]). Let G be a group such that G ab is finitely generated. If G ab has no element of order two or if G has no complement in G,
The following theorem is a key tool to obtain the structure of G ∧ G.
Theorem 2.4 ([7, Proposition 16(iv)]). Let G be a group and N G, then G/N ∧ G/N ∼ = G ∧ G if and only if N ≤ Z ∧ (G).
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The non-abelian tensor square of p-groups of order p 4
For the non-abelian groups of order 16, we have Theorem 2.5. Let G be a group of order 16. Then
Proof. We have the result by the HAP package of GAP [8] .
For abelian groups of order p 4 , we have Theorem 2.6. Let G be an abelian groups of order p 4 . Then
Proof. Since the derived subgroup of an abelian group is trivial, so G∧G ∼ = M(G), now we have the result by [9, 
. On the other hand,
p . The proof for the other cases except G 16 , G 17 , G 19 and G 20 is completely similar.
since the exponent of G is p. Therefore, the exponent of G ∧ G is p and hence G ∧ G is an elementary abelian group so G ∧ G ∼ = Z
p .
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Proof. The result is obtained directly by HAP package programming from GAP [8] .
In the next theorem, we obtain the non-abelian tensor square of p-groups of order p 4 of nilpotency class three. 
p . On the other hand, by Theorem 1.1, we have Γ(
p . G ab is a finitely generated abelian group with no element of order 2. Then by Theorem 2.3, we have
, which is defined for p = 3, by using HAP package programming from GAP [8] we have
Tensor Center and Exterior Center of Groups of Order p 4
This section is devoted to obtaining the structure of Z ⊗ (G) and Z ∧ (G) when G is a groups of order p 4 . In the next theorem, the tensor center of an arbitrary finite abelian group is determined. Following theorem is an important tool for the next investigations. 
1850084-6
these tables by adding the structure of G ∧ G, Z ∧ (G), G ⊗ G, Z ⊗ (G) and J 2 (G). Table 1 contains results for abelian groups. Table 2 contains results for p-groups when p = 2, 3. It is important to note that the group of type (18) is just defined for p = 3 and the group of type (20) for p = 3 1850084-8
